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Abstract
We consider special flows over the rotation on the circle by an irrational α under roof func-
tions of bounded variation. The roof functions, in the Lebesgue decomposition, are assumed to
have a continuous singular part coming from a quasi-similar Cantor set (including the Devil’s
staircase case). Moreover, a finite number of discontinuities is allowed. Assuming that α has
bounded partial quotients, we prove that all such flows are weakly mixing and enjoy weak
Ratner’s property. Moreover, we provide a sufficient condition for the roof function to obtain
a stability of the cocycle Ratner’s property for the resulting special flow.
1 Introduction
The paper is a continuation of [7], that is, we will continue the study of Ratner’s property (originally,
H-property in [13]) in the class of special flows T f := (T ft )t∈R determined by the rotation Tx =
x+ α, on the additive circle T, by an irrational number α with bounded partial quotients and f a
function of bounded variation. In order to study Ratner’s property in [7], we used the Lebesgue
decomposition
f = fj + fa + fs + S˜{·}, (1)
where fj is the jump function (with countably many jumps di), fa is absolutely continuous on T,
fs is singular and continuous on [0, 1], S˜ :=
∫
T
f ′dλ (λ denotes Lebesgue measure on T) and {t}
stands for the fractional part of t ∈ R. In [7], we assumed that
fs = 0 and S˜ 6= 0 (2)
(in that case S˜ =
∑+∞
i=1 di). We recall that some particular cases of (2) have already been studied
in [2, 4]. In [7], under the assumptions (2), we proved the weak mixing property of T f and, under
an additional condition concerning the rate of convergence of the series of jumps, so called weak
Ratner’s property (WR-property from now on)1. We also proved that (2) together with a condition
on the set of jumps yield a stability result for WR-property in the class of roof functions studied
in [7] (for sufficiently small bounded variation perturbations satisfying (2)).
The situation becomes more complicated when fs 6= 0. We have already noticed in [7] that, due
to [6, 14], it may happen that for an irrational rotation there exists f = fs, fs(1)− fs(0) 6= 0 such
that the corresponding special flow T f is isomorphic to the suspension flow (in particular such a
special flow is not even weakly mixing).
In the present paper, we constantly assume fs 6= 0 and focus on the following two problems:
1WR-property has the same dynamical consequences as the original H-property of Ratner, see Section 3.
1
21. WR-property and weak mixing for functions of bounded variation with the singular part
being of the Devil’s staircase type.
2. The stability of WR-property for arbitrary (sufficiently small) bounded variation perturba-
tions, answering a question of M. Lemańczyk [11].
We now pass to a description of the results.
We deal with the case when fs is naturally defined by a Cantor set. More precisly, we consider
quasi-similar Cantor sets. Each such set is obtained in the following way. We are given two
bounded sequences of natural numbers (mi)i>1, (ki)i>1 satisfying
2 6 mi 6
[
ki
2
]
2, i > 1.
First, divide [0, 1) into k1 clopen subintervals of equal length and choose m1 of them (including
the first one and the last one) so that the closures (in [0, 1]) of any two of them are disjoint.
Then set A1 ⊂ [0, 1] to be the union of the closures of the selected m1 intervals. In the next
step, we divide each of the previously selected intervals into k2 clopen subintervals of equal length
and we select m2 subintervals (including the first one and the last one in each previously chosen
subinterval), with the same configuration choice in each selected subinterval, so that the closures
of any two of them are disjoint. We then set A2 to be the union of the closures of all selected
subintervals of step two. Clearly A2 ⊂ A1. Proceeding in the same manner, we obtain a sequence
A1 ⊃ A2 ⊃ ... ⊃ An ⊃ ... of closed subsets of [0, 1] and we define the corresponding quasi-similar
Cantor set C as C :=
⋂+∞
i=1 Ai. Of course, it has Lebesgue measure 0. As in the classical case, there
is a canonicaly associated to C continuous on [0,1] non-decreasing function f = f(C) : [0, 1] → R,
f(0) = 0, f(1) = 1 whose derivative f ′ = 0 on [0, 1] \ C (an alternative possibility is the non-
increasing function f with the above properties but f(0) = 1, f(1) = 0).
In the paper, we consider roof functions f of bounded variation and Lebesgue decomposition
(1)
f = fj + fa + fs + S˜{·},
where
1. fj has finitely many discontinuity points {β1, ..., βk} (with the corresponding set of jumps
{d1, ..., dk}),
2. fs = f(C) (we consider both possibilities fs(0) = 0 or fs(0) = 1)
and either
3. S˜ 6= 0
or
4. S˜ = 0, fj = 0, that is, f = fs + fa (notice that this includes the classical Devil’s staircase).
Note that S˜ = S− d0, where S is the sum of jumps of f (S :=
∑k
i=0 di, where d0 = fs(1)− fs(0)).
The main results of the paper are summarized in the following.
Theorem 1.1. Assume that Tx = x = α is the rotation by an irrational α ∈ [0, 1) having bounded
partial quotients. Let f be a bounded variation roof function, f = fa + fj + fs + S˜{·}, where
fs = f(C) and C is a quasi-similar Cantor set. If either
1. fj has finitely many discontinuities, S˜ > 0 and fs is non-decreasing
3
2By [x] we denote the integer part of x ∈ R.
3The same result is obtained for S˜ < 0 and fs non-increasing.
3or
2. f = fs + fa,
then the special flow (T ft )t∈R is weakly mixing and has WR-property.
The main tool used to prove WR-property for special flows over rotations, so called cocycle
Ratner’s property, has been introduced in [3] (we also used it in [7]). We recall its definition now.
Let X be a compact metric (the metric is denoted by d) Abelian group with B the σ-algebra of
Borel subsets of X and µ Haar measure on X . Let Tx = x+x0 be an ergodic rotation on (X,B, µ).
Assume that f ∈ L∞(X,B, µ), f > c for some constant c > 0. Assume P ⊂ R \ {0} is a compact
set.
Definition 1.2. [3] One says that the special flow (T ft ) given by T and f has the cocycle Ratner’s
property (with the set P ) if for every ǫ > 0 and N ∈ N there exist κ = κ(ǫ) > 0, δ = δ(ǫ,N) > 04
and a subset Z = Z(ǫ,N) ∈ B with µ(Z) > 1 − ǫ such that if x, x′ ∈ Z, 0 < d(x, x′) < δ, then
there are M = M(x, x′) = M(ǫ,N, x, x′) > N , L = L(x, x′) = L(ǫ,N, x, x′) > N such that LM > κ
and there exists p = p(ǫ,N, x, x′) ∈ P such that
1
L
∣∣∣{n ∈ Z ∩ [M,M + L] : |f (n)(x) − f (n)(x′)− p| < ǫ}∣∣∣ > 1− ǫ.5.
As proved in [1], if (T ft )t∈R satisfies the cocycle Ratner’s property and is weakly mixing, then
it enjoys WR-property. All special flows considered in [2, 3, 4, 7] are weakly mixing and satisfy the
cocycle Ratner’s property. We note in passing that, assuming weak mixing one can ask whether
WR-property is in fact equivalent to the cocycle Ratner’s property, but we will not consider this
problem here, postponing it to the forthcoming paper [8].
In the notes [11], M. Lemańczyk formulated a natural question whether the cocycle Ratner’s
property is stable under sufficiently small bounded variation perturbations. We will provide the
positive answer to this question (see Section 5) assuming that:
• The sets Z = Z(ǫ,N) in Definition 1.2 are equal to X for each ǫ > 0, N ∈ N.
• For every ǫ > 0, N ∈ N and x, x′ ∈ X the (partial) functions (x, x′) → M(ǫ,N, x, x′)d(x, x′)
defined for x 6= x′, d(x, x′) < δ, ǫ > 0, N ∈ N are bounded away from 0 and ∞ (uniformly in
ǫ,N, x, x′).
• For every ǫ > 0, N ∈ N and x, x′ as above, we have |f (n)(x) − f (n)(x′) − p| < ǫ for each
n ∈ Z ∩ [M,M + L].6
In Theorem 5.3 below, we prove that under the above three assumptions, whenever (T ft )t∈R satis-
fies the cocycle Ratner’s property, so does (T f+gt )t∈R, where g has sufficiently small variation.
Finally, we notice that using the methods from [2], the assertion of Theorem 1.1 in case 1. can
be strenghtend to the mild mixing property of the corresponding special flows.
The author would like to thank Professor Mariusz Lemańczyk for his patience and guidence.
4 If neccesary, we will write κf (ǫ), δf (ǫ, N), etc. to emphasize the dependence of these parameters on f .
5 We denote f(n)(x) = f(x) + f(Tx) + ...+ f(Tn−1x) for n > 1.
6All examples from [2, 4, 7] enjoy both above properties.
42 Basic notions
We will use notation from [7]. We denote by T the circle group R/Z which will be identified with
the interval [0, 1) with addition mod 1. For a real number t denote by ‖t‖ its distance to the nearest
integer number (note that ‖t‖ = ‖− t‖ and ‖qt‖ 6 q‖t‖ for q ∈ N). For an irrational α ∈ T denote
by (qn)
+∞
n=0 its sequence of denominators, that is, we have
1
2qnqn+1
<
∣∣∣∣α− pnqn
∣∣∣∣ < 1qnqn+1 ,
where q0 = 1, q1 = a1, qn+1 = an+1qn + qn−1, p0 = 0, p1 = 1, pn+1 = an+1pn + pn−1 and
[0; a1, a2, ...] stands for the continued fraction expansion of α. One says that α has bounded partial
quotients if the sequence (an)
+∞
n=1 is bounded. In this case, if we set C := sup{an : n ∈ N} + 1
then qn+1 6 Cqn and
1
2Cqn
6
1
2qn+1
< ‖qnα‖ <
1
qn+1
<
1
qn
for each n ∈ N. The following lemma is well-known.
Lemma 2.1. Let α ∈ T be irrational with bounded partial quotients. Then there exist positive
constants C1, C2 such that for every k ∈ N the lengths of intervals J1, ..., Jk arisen from the
partition of T by 0,−α, ...,−(k − 1)α satisfy C2k 6 |Jj | <
C1
k for each j = 1, ..., k.
Lemma 2.2. Let α be irrational with bounded partial quotients. Consider points x1, ..., xl ∈ T
such that there exists q ∈ Q so that for every i, j ∈ 1, ...l, xi − xj =
rij
q , with |rij | ∈ N ∩ [0, q]. If
C2 is a constant given by Lemma 2.1, then for every m ∈ N the length of each interval arisen from
the partition of T by the points xs + jα, s = 1, ..., l and j = 0, ...,m− 1 is at least
C2
q2m .
Proof: Consider any two points xi + tα, xj + sα as above. Then
q‖(xi + tα)− (xj + sα)‖ = q‖
rij
q
+ (t− s)α‖ > ‖q(t− s)α‖ >
C2
qm
,
by Lemma 2.1 applied to k = qm. 
Remark 2.3. Take any z1, z2 ∈ T, z1 − z2 = rq for some |r| < q (r ∈ Z). Fix an interval I ⊂ T
and assume that for some integers t0, t1, t0 < t1, we have z1 + t0α, z2 + t1α ∈ I. Then
t1 − t0 >
C2
q2|I|
. (3)
Indeed, consider Lemma 2.2 in which l = 2, x1 = z1 + t0α, x2 = z2 + t0α and m = t1 − t0. It
follows that
|I| > ‖
r
q
+ (t1 − t0)α‖ >
C2
q2(t1 − t0)
,
whence (3) holds.
Assume that T is an ergodic automorphism on (X,B, µ). We will always assume that T is also
aperiodic. A measurable function f : X → R determines a cocycle f (·)(·) : Z ×X → R given by
f (m)(x) = f(x) + f(Tx) + ...+ f(Tm−1x),m > 1, and
f (m+n)(x) = f (m)(x) + f (n)(Tmx)
5for each m,n ∈ Z. If f : X → R is a strictly positive L1 function, then by T f = (T ft )t∈R we
will mean the corresponding special flow under f acting on (Xf ,Bf , µf ), where Xf := {(x, s) ∈
X ×R : x ∈ X, 0 6 s < f(x)}, and Bf (µf ) is the restriction of B ⊗B(R) (µ× λ) to Xf . Under
the action of the flow T f , each point in Xf moves vertically with unit speed and we identify the
point (x, f(x)) with (Tx, 0). More precisely, if (x, s) ∈ Xf then
T ft (x, s) = (T
nx, s+ t− f (n)(x)),
where n ∈ Z is unique such that f (n)(x) 6 s + t < f (n+1)(x). Assume additionally that X is a
metric space with a metric d. Then Xf is a metrizable space with the metric
d1((x, t), (y, s)) = d(x, y) + |t− s|.
It is not hard to see that T f satisfies the following “almost continuity” condition ([3]): for every
ǫ > 0 there exists X(ǫ) ∈ Bf , µf (X(ǫ)) > 1− ǫ such that for every ǫ′ > 0 there exists ǫ1 > 0 such
that
d1(T
f
u (x, t), T
f
u′(x, t)) < ǫ
′
for each (x, t) ∈ X(ǫ) and u, u′ ∈ [−ǫ1, ǫ1].
Proposition 2.4. (Denjoy-Koksma inequality; see e.g. [10]) If f : T→ R is a function of bounded
variation then ∣∣∣∣∣
qn−1∑
k=0
f(x+ kα)− qn
∫
T
f dλ
∣∣∣∣∣ 6 Varf,
for every x ∈ T and n ∈ N.
3 Weak Ratner’s property
In this section we recall the notion of weak Ratner’s property (WR-property) introduced in [3] and
we list results from [3] needed in what follows. Let X be a σ-compact metric space with a metric
d. Let B denote the σ-algebra of Borel sets and µ a probability measure on (X,B). Assume that
S = (St)t∈R is a flow on (X,B, µ). Let P ⊂ R \ {0} be compact and t0 ∈ R \ {0}.
Definition 3.1. [3] The flow (St)t∈R is said to have the property R(t0, P ) if for every ǫ > 0 and
N ∈ N there exist κ = κ(ǫ), δ = δ(ǫ,N) > 0 and a subset Z = Z(ǫ,N) ∈ B with µ(Z) > 1− ǫ such
that if x, x′ ∈ Z, x′ is not in the orbit of x, and d(x, x′) < δ, then there are M = M(x, x′) > N ,
L = L(x, x′) > N such that LM > κ and there exists p = p(x, x
′) ∈ P such that
1
L
∣∣{n ∈ Z ∩ [M,M + L] : d(Snt0(x), Snt0+p(x′)) < ǫ}∣∣ > 1− ǫ.
Moreover, we say that (St)t∈R has weak Ratner’s property or WR-property if the set of s ∈ R such
that the flow (St)t∈R has the R(s, P )-property is uncountable.
Theorem 3.2. [3] Let (X, d) be a σ-compact metric space, B the σ-algebra of Borel subsets of X
and µ a probability Borel measure on (X,B). Let (St)t∈R be a weakly mixing flow on (X,B, µ)
that satisfies the WR-property with a compact subset P ⊂ R\{0}. Assume that (St)t∈R satisfies the
“almost continuity” condition7. Let (Tt)t∈R be an ergodic flow on (Y,C , ν) and let ρ be an ergodic
joining of (St)t∈R and (Tt)t∈R. Then either ρ = µ× ν or ρ is a finite extension of ν.
7 That is, (St)t∈R satisfies “almost continuity” condition as the one for T
f . The “almost continuity” condition
which we gave for T f can be naturally carried over to a more general situation.
6We recall that each special flow T f = (T ft )t∈R over an ergodic base T is ergodic. In particular,
the set {t ∈ R;T ft is not ergodic} is countable.
Proposition 3.3. [3] Let X be a compact, metric (with a metric d) Abelian group with Haar
measure µ. Assume that Tx = x+ x0 is an ergodic rotation of (X,B, µ). Let f ∈ L∞(X,B, µ) be
positive bounded away from zero. Assume that T f = (T ft )t∈R satisfies the cocycle Ratner’s property
with a compact subset P ⊂ R \ {0}. Suppose that γ ∈ R is a positive number such that the γ-time
automorphism T fγ : X
f → Xf is ergodic. Then the special flow T f has the R(γ, P )-property. In
particular, T f enjoys WR-property.
3.1 Properties of bounded variation functions
Let T : T → T be an irrational rotation by α with the sequence of denominators (qn)
+∞
n=1 and
f : T→ R a function of bounded variation. It follows by the Lebesgue decomposition, see e.g. [5]
and [7], that f can be writen as
f = fa + fj + fs + S˜{·}, (4)
where fj is the jump function on T with the set of jumps {di}
+∞
i=1 at {βi}
+∞
i=1 respectively (β1 = 0
and d1 can be equal to zero), fs is singular, continuous on [0, 1] (d0 := fs(1) − fs(0)) and fa is
absolutely continuous on T. Moreover, S˜ =
∫
T
f ′dλ. Set S :=
∑+∞
i=0 di (then S˜ + d0 = S) to be
the sum of (all) jumps of f . Recall that the space BV(T) of functions with bounded variation is a
Banach space with the norm ‖f‖ := Varf + ‖f‖L1.
We will now focus on singular continuous functions which come from quasi-similar Cantor sets
(see Introduction). By contruction, each such set is of the form C = ∩+∞i=1Ai and for each i ∈ N
the endpoints of the chosen intervals in Ai are always multiples of 1k1...ki , and there are m1...mi
of them. For each natural n ∈ N we define an absolutely continuous function fn such thatL:
f ′n = 0 on [0, 1] \ (∪
n
i=1Ai) and fn is linear on each of the intervals of An, moreover fn(0) = 0 and
fn(1) = 1, f ′n(x) =
k1...kn
m1...mn
8 (we can also choose fn(0) = 1 and fn(1) = 0,f ′n(x) = −
k1...kn
m1...mn
). Then
the sequence (fn)
+∞
n=1 converges uniformly to some continuous, singular non-decreasing function
fs : [0, 1] → R. Of course, f ′s = 0 everywhere except on C (similarly, by considering fn(0) = 0,
fn(1) = 1 and f ′n(x) = −
k1...kn
m1...mn
, we get a non-increasing fs).
Remark 3.4. Let us now fix some i0 ∈ N. For each n > i0 we will define an equivalence relation
∽ on the boundary ∂An of An. Namely for x, y ∈ ∂An we set
x ∽ y ⇔ |x− y| =
rxy
k1...ki0
for some (unique) rxy ∈ Z, 0 6 rxy 6 k1...ki0 .
Notice that if x ∽ y and y ∽ z then since |x− z| 6 1, x ∽ z. Hence ∽ is an equivalence relation.
The set Ai0 consists ofm1...mi0 closed intervals , say I1, ...Im1....mi0 each of length
1
k1...ki0
separated
by the gaps each of which has length which is a multiple of 1k1...ki0
. Clearly ∂An ⊂ Ai0 . It follows
that for each i = 1, ..., k1...ki0 , each coset E of ∽, we have 1 6 |E∩Ii| 6 2 and |E∩Ii| = 2 iff 0 ∈ E.
Hence, the number of cosets is equal to |∂An ∩ I1| − 1. The latter number equals 2mi0+1...mn− 1.
Moreover, the coset E containing 0 has 2m1...mi0 elements, all remaining cosets having m1...mi0
elements.
8On each interval in An, hence of length
1
k1...kn
, fn increases by
1
m1...mn
, so indeed fn(1) = 1.
7Assume now that x0, y0 are in the same coset of ∽ and let I ⊂ T be an interval. Given t1, t2 ∈ Z
we then have
if x0 + t1α, y0 + t2α ∈ I then |t1 − t2| >
C2
(k1...ki0 )
2|I|
. (5)
Indeed, (5) follows directly from Remark 2.3 (with z1 = x0, z2 = y0) because |x0 − y0| = rk1...ki0
for some r 6 k1...ki0 .
4 Weak mixing
We will state a criterion which implies weak mixing of such flows. First we recall a lemma.
Lemma 4.1. ([3], Lemma 5.2.) Let T : (X,B, µ) → (X,B, µ) be an ergodic automorphism and
let A ∈ B. For every θ, γ, τ > 0 there exist N = N(θ, γ, τ) ∈ N and Z = Z(θ, γ, τ) ∈ B with
µ(Z) > 1− γ such that for every M,L ∈ N with M,L > N and L/M > τ we have
∣∣∣∣∣∣
1
L
M+L∑
j=M
χA(T
jx)− µ(A)
∣∣∣∣∣∣ < θ
for all x ∈ Z. 
We will now prove a criterion for a special flow over an ergodic rotation to be weakly mixing.
Proposition 4.2. Assume that T : (X,B, µ) → (X,B, µ) is an ergodic rotation of a compact
metric Abelian group X (with a translation invariant metric d) and f ∈ L∞(X,B, µ) positive
function which is bounded away from zero. Let P ′ ⊂ R be a compact set. Assume that there exists
η0 > 0 such that for every 0 < η < η0, every ǫ > 0 and N ∈ N there exist κ = κ(ǫ, η) > 0,
δ = δ(ǫ,N) > 0 and a subset Z ′ = Z ′(ǫ,N) ∈ B with µ(Z ′) > 1 − ǫ such that if x, x′ ∈ Z ′
and 0 < d(x, x′) < δ, then there are M1 = M1(x, x
′),M2 = M2(x, x
′) > N , L1 = L(x, x
′), L2 =
L2(x, x
′) > N such that L1M1 ,
L2
M2
> κ and there exists p = p(x, x′) ∈ P ′ such that
1
L1
∣∣∣{n ∈ Z ∩ [M1,M1 + L1] : |f (n)(x) − f (n)(x′)− p| < ǫ}
∣∣∣ > 1− ǫ,
and
1
L2
∣∣∣{n ∈ Z ∩ [M2,M2 + L2] : |f (n)(x) − f (n)(x′)− p− η| < ǫ}
∣∣∣ > 1− ǫ.
Then the special flow T f = (T ft )t∈R is weakly mixing.
9 Moreover, it has cocycle Ratner’s property
with the set P := (P ′ + [−η0, η0]) \ (−
η0
4 ,
η0
4 ).
Proof: In view of [12], to prove weak mixing we need to show that the equation
e2πisf(x) =
ψ(Tx)
ψ(x)
(6)
has no measurable solution ψ : X → S1 for any s ∈ R\{0}. We proceed by contradiction assuming
that such s, ψ exist. Without loss of generality, we can assume that
s >
1
2η0
. (7)
9Notice that here we must assume that T is aperiodic since the assumptions of Proposition 4.2 are satisfied for
X being a finite set, while T f in this case is not weakly mixing (it has discrete spectrum).
8Fix 13 > ζ > 0 (one more restriction on ζ will appear later).
By Egorov’s theorem, there exists a set Aζ ⊂ X , µ(Aζ) > 1 − ζ such that ψ|Aζ is uniformly
continuous. Therefore there exists δ0 > 0 such that for each x, x′, y, y′ ∈ Aζ if d(x, y), d(x′, y′) < δ0
then ∣∣∣∣ψ(x
′)
ψ(y′)
ψ(y)
ψ(x)
− 1
∣∣∣∣ < 13 (8)
In view of (6), for any n ∈ N and x, y ∈ Aζ we get e2πisf
(n)x = ψ(T
nx)
ψ(x) and e
2πisf(n)y = ψ(T
ny)
ψ(y) ,
whence
e2πis(f
(n)x−f(n)y) =
ψ(T nx)
ψ(x)
ψ(y)
ψ(T ny)
(9)
Set η = 12s and fix ǫ > 0. Then κ = κ(ǫ) is determined. We will now use Lemma 4.1 with the
following parameters: A = Aζ , 0 < θ < 13 − ζ, γ = ζ and τ = κ. It follows that there exists N0
and Z ∈ B with µ(Z) > 1− ζ such that for every M,L > N0, LM > κ we have∣∣∣∣∣∣
1
L
M+L∑
j=M
χAζ (T
jx)− µ(Aζ)
∣∣∣∣∣∣ < θ (10)
for all x ∈ Z. By (10) , since ζ < 13 , for x ∈ Z the number of j ∈ [M,M + L] for which T
jx ∈ Aζ
is at least 23L. Hence, for any x, y ∈ Z the number of j ∈ [M,M + L] for which simultaneously
T jx, T jy ∈ Aζ is at least 16L. By assumption, there exist δ = δ(ǫ,N) and Z
′ = Z ′(ǫ,N), µ(Z ′) >
1− ǫ such that for each x, y ∈ Z ′, 0 < d(x, y) < δ there are M1 = M1(x, x′),M2 = M2(x, x′) > N0,
L1 = L(x, y), L2 = L2(x, y) > N0 such that L1M1 ,
L2
M2
> κ and there exists p = p(x, y) ∈ P such that
1
L1
∣∣∣{n ∈ Z ∩ [M1,M1 + L1] : |f (n)(x)− f (n)(y)− p| < ǫ}
∣∣∣ > 1− ǫ,
and
1
L2
∣∣∣∣{n ∈ Z ∩ [M2,M2 + L2] : |f (n)(x)− f (n)(y)− p− 12s | < ǫ}
∣∣∣∣ > 1− ǫ.
Notice that the set Aζ ∩ Z ∩ Z ′ has positive measure (if ζ is small enough) and therefore, since µ
is continuous, there are different points in it arbitrarily close. So fix x, y ∈ Aζ ∩ Z ∩ Z ′ such that
0 < d(x, y) < min(δ, δ0). It follows that the number of j ∈ [M1,M1 +L1] such that T jx, T jy ∈ Aζ
is at least 16L1. Hence there exists j1 ∈ [M1,M1 + L1] such that T
j1x, T j1y ∈ Aζ and |f (j1)(x) −
f (j1)(y)− p| < ǫ. By (9)
e2πis(f
(j1)x−f(j1)y) =
ψ(T j1x)
ψ(x)
ψ(y)
ψ(T j1y)
(11)
In view of (8) and (11)
|e2πis(f
(j1)x−f(j1)y) − 1| <
1
3
.
On the other hand p − ǫ < |f (j1)x − f (j1)y| < p + ǫ. Hence, by letting 0 < ǫ → 0, we obtain
|e2πisp − 1| < 13 . Doing the same for M2, L2, we get |e
2πis(p+ 12s ) − 1| < 13 or |e
2πisp(−1) − 1| < 13
which is an obvious contradiction.
Notice that for every p ∈ R, max(|p|, |p+ η02 |) >
η0
4 . So the cocycle Ratner’s property is satisfied
with P defined in the statement of the proposition (for every x, x′ ∈ Z we choose either p or p+ η02
both number being in P ′ + [−η, η]). 
95 Stability of Ratner’s property
In this section we show that the cocycle Ratner’s property in the class of special flows over an
irrational rotation by α having bounded partial quotients and the roof function in BV(T) is stable
under small perturbations in the variation norm. We constantly assume that α has bounded partial
qoutients and C := supn>1 an + 1.
Lemma 5.1. Let f ∈ BV(T) and D ∈ N. Then for every s ∈ N
max
k<Dqs
sup
‖x−y‖<1/qs
|f (k)(x)− f (k)(y)| 6 2DVarf.
Proof: Let us fix s ∈ N and k = cqs + d, with d < qs, c 6 D − 1. We will prove that for any
x, y ∈ T
max
j6qs
sup
‖x−y‖< 1
qs
|f (j)(x)− f (j)(y)| < 2Varf. (12)
Then (12) and Proposition 2.4 will give us the required result because
|f (k)(x) − f (k)(y)| 6
c∑
i=1
|f (qs)(T (i−1)qsx)− f (qs)(T (i−1)qsy)|+
|f (d)(T cqsx)− f (d)(T cqsy)| 6 2cVarf + 2Varf 6 2DVarf. (13)
So let us prove (12). Consider the points x + iα, i = 0, ..., j. Reorder them to get 0 6 x + i1α <
x + i2α < ... < x + ijα. It follows that the distance between any two such points is at least
1
2qs
. Indeed, for every u, v ∈ {0, ..., j} we have ‖(x + uα) − (x + vα)‖ > ‖(u − v)α‖ > 12qs . Set
A1 := {x + ikα : k even} and A2 := {x + ikα : k odd}. We get that the distance between any
two points in A1 and A2 is at least 1qs . It follows that the points x+ ikα, y+ ikα with k even yield
a partition of T into some intervals, and all intervals [x+ ikα, y + ikα) (or we have to reverse the
order) are members of this partition. It follows that
Varf >
[j/2]∑
r=1
|f(x+ i2rα) − f(y + i2rα)| >
∣∣∣∣∣∣
[j/2]∑
r=1
f(x+ i2rα)− f(y + i2rα)
∣∣∣∣∣∣ .
The same holds for the set A2. Finally, we get 2Varf > |f (j)(x) − f (j)(y)|. 
Remark 5.2. Notice that by the cocycle identity it follows that for each N > 1
max
k<Dqs
sup
‖x−y‖<1/qs
|(f (N+k)(x)− f (N+k)(y))− (f (N)(x)− f (N)(y))| 6 2DVarf.
Moreover, notice that (by the proof of Lemma 5.1.) the same inequality holds if k = Dqs.
Theorem 5.3. Let P ⊂ R \ {0} be a nonempty compact set. Let 12 > η > 0 be such that
P ⊂ R \ (η, η) and (T ft )t∈R be a special flow over an irrational rotation by α with the roof function
f ∈ L∞(X,B, µ). Assume that (T ft )t∈R satisfies the cocycle Ratner’s property (see Definition
1.2) and assume additionally that there exist R1, R2 > 0 such that R1 6 M(x, x
′)‖x − x′‖ 6 R2.
Moreover, assume that for every n ∈ Z∩ [M,M +L], we have |f (n)(x)− f (n)(x′)− p| < ǫ for every
x, x′ ∈ T (this does not depend on ǫ,N, see Introduction). Then the cocycle Ratner’s property is
stable under bounded variation perturbations, more precisely if g ∈ BV(T) with Varg < 18CR2 η then
(T f+gt )∈R has the cocycle Ratner’s property with some compact set P
′ ⊂ R \ {0}.
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Proof: Fix ǫ > 0 and N ∈ N. Let us define κf+g = κf+g(ǫ) := ǫ4 min(κf (ǫ/2),
1
CR2
) and
δf+g = δf+g(ǫ,N) = δf (ǫ/2, N) (cf. footnote 4). Let us take 0 < ‖x−x′‖ < δf+g. By assumption,
there exist Mf(x, x′), Lf(x, x′) and pf (x, x′) such that Mf > N , 1 >
Lf
Mf
> κf and for every
k ∈ [Mf ,Mf + Lf ]
|f (k)(x)− f (k)(x′)− pf | < ǫ/2.
Let s ∈ N be a unique natural number such that 1qs+1 6 ‖x − x
′‖ < min( 1qs δf+g). Let us now
denote L′f = min(qs, Lf) consider the interval [Mf ,Mf + L
′
f ]. It follows by the proof of (12) in
Lemma 5.1 (L′f 6 qs, ‖T
Mfx− TMfx′‖ = ‖x− x′‖ < 1qs ) that
1
4
> 2Varg > |g(TMfx)− g(TMfx′)|+ |g(TMf+1x) − g(TMf+1x′)|+
...+ |g(TMf+L
′
fx) − g(TMf+L
′
fx′)| (14)
Therefore, there exist an interval [Mf ,Mf + L′f ] ⊃ Ig = [ag, bg] of length [ǫL
′
f ] such that
ǫ
4
> |g(T agx)− g(T agx′)|+ |g(T ag+1x) − g(T ag+1x′)|+ ...+ |g(T bgx)− g(T bgx′)|;
in particular, we get that for every k ∈ Ig
|g(k)(x)− g(k)(x′)− g(ag)(x)− g(ag)(x′)| <
ǫ
2
. (15)
Let Mf+g = ag, Lf+g = bg − ag > [ǫL′f ] >
ǫ
2L
′
f =
ǫ
2 min(Lf , qs). Then, by definition, N 6
Mf 6 Mf+g 6 Mf + Lf < 2Mf ,
Lf+g
Mf+g
> ǫ2
min(Lf ,qs)
2Mf
> ǫ4 min(
Lf
Mf
, qsMf ) = κf+g. Moreover, let
P ′ := P + [−η/2, η/2] ⊂ R \ (−η/2, η/2) and p0(x, x′) := g(Mf+g)(x) − g(Mf+g)(x′). It follows by
Lemma 5.1 and the fact that Varg < η8CR2 (Mf+g 6 2Mf 6 2CR2qs) that |p0| 6 4CR2
η
8CR2
=
η/2. Let p′(x, x′) := pf (x, x′) + p0(x, x′) ∈ P ′. It view of (15), it follows that for every k ∈
[Mf+g,Mf+g + Lf+g] ⊂ [Mf ,Mf + Lf ]
|(f + g)(k)(x)− (f + g)(k)(x′)− p′| 6 |f (k)(x) − f (k)(x′)− pf |+ |g
(k)(x)− g(k)(x′)− p0| <
ǫ/2 + ǫ/2 = ǫ. (16)
This completes the proof. 
6 Weak mixing and Ratner’s property for some roof functions
in BV(T)
In this section we prove weak mixing and Ratner’s property of a special flow T f , where f ∈ BV(T)
is of the form f = fa + fj + fs + S′{·}, with fa is absolutely continuous on T, fj is piecewise
constant (finitely many jumps) and fs is a singular, continuous on [0, 1], function which comes
from a quasi-similar Cantor set (fs = f(C)). Consider C = ∩
+∞
i=1Ai (with bounded sequences
(mi)i>1, (ki)i>1, see Introduction). Take any two points x < y ∈ T and let n = n(x, y) ∈ N be a
unique natural number such that
1
k1...kn+1
< ‖x− y‖ 6
1
k1...kn
, (17)
then fs(x) 6= fs(y) iff [x, y] ∩ ∂An+1 6= ∅. Indeed, at step n > 1 of the construction of C, [0, 1] is
divided into k1...kn+1 intervals of equal length 1k1...kn+1 , m1...mn+1 of which, say I1, ..., Im1...mn+1,
yield An+1. Now, x and y cannot belong to the same Ij , hence either
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• [x, y] ∩ ∂An+1 = ∅, i.e. [x, y] ∩ Ij = ∅ for each j and then fs(x) = fs(y)
or
• [x, y] ∩ ∂An+1 6= ∅ i.e. there is some interval Ii0 such that [x, y] ∩ Ii0 6= ∅. In this case
fs(x) 6= fs(y).
Moreover, it follows from (17) that |fs(y) − fs(x)| 6 1m1m2...mn (unless 0 ∈ [x, y]). Indeed, by
definition, for every n ∈ N, fs is constant on each connected component of C \ An, and for every
chosen, at step n, interval I ′ = [a′, b′), fs(b′)− fs(a′) = 1m1...mn .
To prove both weak mixing and WR-property for (T ft ) we need a lemma.
Lemma 6.1. ([2], Lemma 6.1.) Let T : T → T be the rotation by an irrational α with bounded
partial quotients and let f : T→ R be absolutely continuous with zero mean. Then
sup
06n<qs+1
sup
‖y−x‖< 1
qs
|f (n)(y)− f (n)(x)| → 0, as s→ +∞.
Remark 6.2. Following (step by step) the proof of Lemma 6.1. in [2] one can prove that for every
b ∈ N we have
sup
06n<qs+b
sup
‖y−x‖< 1
qs
|f (n)(y)− f (n)(x)| → 0, as s→ +∞.
Let us denote the (finite) set of discontinuities of f by {βi}ki=0 with the corresponding set of
jumps {di}ki=0 (we recall that d0 may be equal to 0).
Proof of Theorem 1.1:
We will use Proposition 4.2 with P := [−2CVarf, 2CVarf ]. It follows that f = fac + fj +
fs + S˜{·}+ c, where fac is absolutely continuous with zero mean (c :=
∫
T
fa(x)dµ). Let fpl(x) :=
fj(x) + S˜{x}+ c, so
f = fac + fs + fpl. (18)
Assume that S˜ > 0. Fix 0 < η 6 min( S˜5C(2C+1)(k+1) ,
1
8 ), ǫ > 0 and N > 1. By Lemma 6.1, there
exists s0 such that for every s > s0, we have
sup
06n<qs+1
sup
‖y−x‖< 1
qs
|f (n)ac (y)− f
(n)
ac (x)| <
ǫ
8
. (19)
Let n0 = n0(ǫ) be a unique natural number such that 2Km1...mn0
6 ǫ/4 < 2Km1...mn0+1
10. ad 1. First
we have to define κ = κ(ǫ)11. Set
κ(ǫ) := min( C2C(k1...kn0)2
, ǫ
4S˜C
, 12(2C+1)(k+1) ) (see Lemma 2.1). Let s1 ∈ N be the smallest natural
number with qs1 > max(S˜qs0 ,
16S˜
ǫ ,
N
κ ) and let δ(ǫ,N) := min(
1
qs1
, 1k1...kn0
). Take any x, y ∈ T,
‖x − y‖ < δ. Let s ∈ N be a unique natural number such that 1qs+1 6 ‖x − y‖ <
1
qs
. Consider
now the points T ∋ βi − jα, i = 0, ..., k, j = 0, ..., qs+1 − 1. It follows that for every i, the
number of t = 0, ..., qs+1 − 1 such that βi − tα ∈ [x, y) is at most 2C + 1. So we can divide the
time interval [qs, qs+1] into (2C + 1)(k + 1) clopen intervals I1, ..., I(2C+1)(k+1) such that for every
u = 1, ..., (2C + 1)(k + 1), v ∈ int Iu and i = 0..., k, we have βi − vα /∈ [x, y). One of them, say
I = [M0,K0], has length at least 1(2C+1)(k+1) (qs+1 − qs). It follows that M0 < qs+1, let
L0 := κM0 < κqs+1 6 κCqs 6
C2qs
(k1...kn0)
2
. (20)
10K is a constant such that mi 6 K for every i ∈ N.
11Note that here κ does not depend on η > 0.
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Moreover, M0 > qs > N , L0 > κM0 > N . We define p(x, y) := f (M0)(y) − f (M0)(x), then
|p| < 2CVarf (by Lemma 5.1). Denote n := nxy to be a unique natural number such that
1
k1...kn
6 ‖x−y‖ < 1k1...kn−1 . If fs(x) 6= fs(y) then ∂An∩ [x, y] 6= ∅. Recall that |∂An| = 2m1...mn.
Take z ∈ ∂An. It follows by Remark 2.3, with z1 = z2, r = 0, q = 1 and I = [x, y] and by (20)
that there exists at most one [M0,M0 + L0] ∋ v0 such that z + v0α ∈ [x, y]. Note that for every
v ∈ [M0,M0 + L0] we have |fs(y + vα) − fs(x + vα)| < 1m1...mn−1 (because −{iα} /∈ [x, y] for i ∈
[M0,M0+L0]). Consider now Remark 3.4 with i0 = n0 and the corresponding equivalence relation
∽ for n (note that n > n0). It follows by (20) and (5) that there is at most one point zi ∈ ∂An in
each coset for which there exists wi ∈ [M0,M0 + L0] such that zi + wiα ∈ [x, y]. So there are at
most 2mn0+1...mn − 1 points z ∈ ∂An for which there exists a (unique) wz ∈ [M0,M0 + L0] such
that z+wzα ∈ [x, y]. For each such wz ∈ [M0,M0+L0], we have 0 6= fs(y+wzα)− fs(x+wzα) <
1
m1...mn−1
. There are at most 2mn0+1...mn − 1 < 2mn0+1...mn such w = wz ∈ [M0,M0 + L0].
Hence, for every r ∈ [M0,M0+L0] (remembering that fs(TM0+jy) = fs(TM0+jx) for M0+ j 6= wz
for each z above)
|f (r)s (y)− f
(r)
s (x) − (f
(M0)
s (y)− f
(M0)
s (x))| = |f
(r−M0)
s (T
M0y)− f (r−M0)s (T
M0x)| 6
r−M0−1∑
j=0
|fs(T
M0+jy)− fs(T
M0+jx)| 6
L0−1∑
j=0
|fs(T
M0+jy)− fs(T
M0+jx)| 6
2mn0+1...mn
1
m1...mn−1
=
2mn
m1...mn0
6
ǫ
4
. (21)
Remark 6.3. Note that if I = [A,B] is an interval such that |I| 6 C2qs(k1...kn0)
and for any v ∈ [A,B]
we have vα /∈ [x, y) then for every r ∈ [A,B]
|f (r)s (y)− f
(r)
s (x) − (f
(A)
s (y)− f
(A)
s (x))| 6
ǫ
4
.
Indeed, these are the only assumptions to prove (21).
Moreover, it is easy to see (because fpl is piecewise linear and there is no discontinuity point
of f in [T rx, T ry] for r ∈ [M0,M0 + L0]) that for r ∈ [M0,M0 + L0]
|(f
(r)
pl (y)− f
(r)
pl (x)) − (f
(M0)
pl (y)− f
(M0)
pl (x))| 6
r−M0−1∑
j=0
(fpl(T
M0+j(y))− fpl(T
M0+j(x))) 6
(r −M0)S˜‖y − x‖ < L0S˜‖y − x‖ 6 S˜κM0
1
qs
6 κS˜C <
ǫ
4
. (22)
Finally, by (18), (19), (21), (22), we get for r ∈ [M0,M0 + L0]
|f (r)(y)− f (r)(x) − p| = |(f (r)(y)− f (r)(x))− (f (M0)(y)− f (M0)(x))| =
|(f (r)ac (y)− f
(r)
ac (x)) − (f
(M0)
ac (y)− f
(M0)
ac (x)) + (f
(r)
s (y)− f
(r)
s (x)) − (f
(M0)
s (y)− f
(M0)
s (x))+
(f
(r)
pl (y)− f
(r)
pl (x)) − (f
(M0)
pl (y)− f
(M0)
pl (x))| 6
ǫ
8
+
ǫ
4
+
ǫ
4
<
5
8
ǫ < ǫ. (23)
Remark 6.4. Notice that if M ′ < qs+1 is such that for v′ ∈ [M ′,M ′ + κM ′] we have βi + v′α /∈
[x, y), i = 0, ..., k and p′ := f (M
′)(y) − f (M
′)(x), then for any r′ ∈ [M ′,M ′ + κM ′] |f (r
′)(y) −
f (r
′)(x) − p′| 6 58ǫ. Indeed, these are the only assumptions on M0 to prove (23).
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Consider again the interval I = [M0,K0]. We recall that none of the points of the form
βi − vα, i = 0, ..., k and v ∈ [M0,K0] belongs to [x, y]. Therefore, using the fact that S˜ > 0, fs
non-decreasing, for every r ∈ [M0,K0], we have
S˜‖y − x‖ 6 (fpl + fs)(T
ry)− (fpl + fs)(T
rx) 6 S˜‖y − x‖+
1
m1...mn
6
ǫ
8
. (24)
The length of I is at least 1(2C+1)(k+1) (qs+1 − qs), so by (19) and (24) for every ℓ > M0, we have
|(f (ℓ)(y)− f (ℓ)(x))− (f (M0)(y)− f (M0)(x))| =∣∣∣(f (ℓ−M0)ac (TM0y)− f (ℓ−M0)ac (TM0x)) + ((fpl + fs)(ℓ−M0)(TM0y)− (fpl + fs)(ℓ−M0)(TM0x))
∣∣∣ >∣∣∣∣∣−
ǫ
4
+
ℓ∑
i=M0
(fpl + fs)(T
M0+iy)− (fpl + fs)(T
M0+ix)
∣∣∣∣∣ >
(ℓ−M0)S˜‖y − x‖ −
ǫ
4
. (25)
In particular, for ℓ0 = M0+[K02 ], |(f
(ℓ0)(y)−f (ℓ0)(x))−(f (M0)(y)−f (M0)(x))| > S˜4C(2C+1)(k+1) > η.
Notice that if we set H(r) := (f (r)(y) − f (r)(x)) − (f (M0)(y) − f (M0)(x)) then for every r ∈
[M0,M0 + ℓ0]
|H(r + 1)−H(r)| <
ǫ
4
. (26)
Indeed, |H(r + 1) − H(r)| = |f(T ry) − f(T rx)| and (26) follows by (24) and (19). It follows by
(25) and (26) (by considering r = M0, ...,M0 + ℓ0) that there exists R0 ∈ [M0, ℓ0] such that
η +
ǫ
4
> |(f (R0)(y)− f (R0)(x)) − (f (M0)(y)− f (M0)(x))| > η.
Define M1 := R0 and L1 := κM1. Then M1 > qs > N , L1 > κM1 > N . Hence
|f (M1)(x) − f (M1)(y)− p− η| <
ǫ
4
. (27)
It follows by Remark 6.4 and (27) that for any r ∈ [M1,M1 + L1]
|f (r)(x) − f (r)(y)− p− η| 6 |(f (r)(x) − f (r)(y))− (f (M1)(x)− f (M1)(y))|+
|f (M1)(x)− f (M1)(y)− p− η| <
5
8
ǫ+
1
4
ǫ < ǫ. (28)
ad 2. First note that there exist b ∈ N, b<C, such that for every s > 1,
[
qs+b
qs+1
]
> 6C + 4. By
Remark 6.2, there exists s0 such tht for every s > s0 we have
sup
06n<qs+b
sup
‖y−x‖< 1
qs
|f (n)ac (y)− f
(n)
ac (x)| <
ǫ
8
. (29)
Define κ = κ(ǫ) := min( C2
Cb(k1...kn0)
2 ,
1
(2C+1)b
). Let s1 ∈ N be the smallest natural number with
qs1 > max(qs0 , N) and let δ(ǫ,N) :=
1
qs1
. Take any x, y ∈ T, ‖x− y‖ < δ. Let s ∈ N be a unique
natural number such that 1qs+1 6 ‖x − y‖ <
1
qs
. Consider the time interval [qs, qs+b]. Denote by
(qs 6)R0 < ... < Rt(:= qs+b − jt) all natural numbers in [qs, qs+b] for which −Riα ∈ [x, y). These
numbers divide [qs, qs + b] into some clopen subintervals I0, ..., It, Cqs > qs+1 > |Ii| > C2qs (by
Remark 2.3); moreover (6C + 4 6 [ qs+bqs+1 ] 6 t 6 (2C + 1)
b). In particular, jt 6 qs+1, R0 6 2qs+1.
It follows that |(f (Ri+1)s (x) − f
(Ri+1)
s (y)) − (f
(Ri)
s (x) − f
(Ri)
s (y))| >
7
8 , for i = 0, ..., t (because
14
−Riα ∈ [x, y]). Moreover, there exists an i ∈ {0, ..., t − 1} such that (f
(Ri+1)
s (x) − f
(Ri+1)
s (y)) −
(f
(Ri)
s (x)−f
(Ri)
s (y)) > − 34 (then (f
(Ri+1)
s (x)−f
(Ri+1)
s (y))− (f
(Ri+1)
s (x)−f
(Ri+1)
s (y)) >
7
8 −
3
4 =
1
8
). Indeed, by Proposition 2.4 and Lemma 5.1 we have
2C + 2 = (2C + 2)Varfs > |f
(qs+b)
s (x)− f
(qs+b)
s (y)|+ |f
(−jt)
s (T
qs+bx)− f (−jt)s (T
qs+by)12| >
|f (qs+b−jt)s (x) − f
(qs+b−jt)(y)| = |f (Rt)(x)− f (Rt)(y)| =
∣∣ t−1∑
w=0
(f (Rw+1)s (x) − f
(Rw+1)
s (y))− (f
(Rw)
s (x) − f
(Rw)
s (y))+
(f (R0)s (x) − f
(R0)
s (y))
∣∣ > t| − 3
4
| − 2C > 2C + 2. (30)
Let us define M0 := Ri + 1 < qs+b, L0 := κM0 < κqs+b 6
C2qs
(k1...kn0)
2 . Then M0 > qs > N ,
L0 > κM0 > N . It follows by Remark 6.3 that for every r ∈ [M0,M0 + L0]
|(f (r)s (x)− f
(r)
s (y))− (f
(M0)
s (x) − f
(M0)
s (y))| <
ǫ
4
.
Let us define p = p(x, y) := f (M0)(x)− f (M0)(y). Then for r ∈ [M0,M0 + L0] we have (by (29))
|(f (r)(x)− f (r)(y))− (f (M0)(x) − f (M0)(y))| 6
ǫ
2
.
SetH(r) := (f (r)(x)−f (r)(y))−(f (M0)(x)−f (M0)(y)) for r ∈ [M0, Ri+1] (H(Ri+2) = 0, H(Ri+1) >
1
4 > 2η). It follows by the choice of i, (24) (with fpl = 0, S˜ = 0) that there exists Rη ∈ [M0, Ri+1]
such that |f (Rη)s (x) − f
(Rη)
s (y)− p− η| <
ǫ
2 . Then defining M1 := Rη, L1 := κM1 (M1 > qs > N ,
L1 > κM1 > N), we get (proceeding like in (28) and by (29)) that for every r ∈ [M1,M1 + L1]
|f (r)(x) − f (r)(y)− p− η| < ǫ.
The proof of Theorem 1.1 is complete. 
7 Absence of partial rigidity and mild mixing.
In this section, we will show the absence of partial rigidity of some special flows over irrational
rotation by α having bounded partial qoutients (supn>1 an + 1 < +∞) and roof functions of the
form f = fa + fj + fs + S˜{·}, where fj has finitely many jumps, fs = f(C) is non-decreasing and
S˜ > 0 13. The proof of the theorem below can be obtained by a repetition of the proof of Theorem
7.1. in [2].
Theorem 7.1. Assume T : T → T is an ergodic rotation by α having bounded partial quotients.
Suppose f is of the above form. Then the special flow (T ft )t∈R is not partially rigid.
Combining Theorems 7.1 and 1.1 with the main argument used in [2] to prove Theorem 7.2
therein, we conclude in the following result.
Corollary 7.2. Suppose that T : T → T is the rotation by an irrational number α with bounded
partial quotients and f : T → R is a positive, bounded away from zero function of the form
f := fa + fs + fj + S˜{·} with S˜ 6= 0 and fs = fs(C) for some quasi-similar Cantor set C. Then
(T ft ) is mildly mixing.
13The case S˜ < 0 and fs decreasing goes analogously.
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